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Model problem c-DDZZ

Contents

> DG formulation
FETI-DP Method
Analysis
Numerical results

Summary

Find @ € Hy(curl, Q) such that

V x (a(z)V x id(x)) + B(z)i(z) = f(z) Ve QC R,
where
Ho(curl, Q) = {7 € [L*(Q)]? : V¥ € L*(Q), 5t=0 on 00},

a(x), B(x) (> 0) can be discontinuous.

First order system:
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Weak formulation c-DDZZ

Contents Staggered DG formulation

> DG formulation

FETI-DP Method (by Chung and Enquist (2006,2009))

Analysis
—\ 7 : initial triangulation
& NN 7, : subdivided triangulation
< F : black edges
§<\ F. - red edges

F, : blue edges

Numerical results

Summary

initial triangulation and
subdivision

S"= {1 : Y|, € PH(r)Vr €T, Y]] = 0 Ve € F,}.

V= {7 : 4, € [P*(1)]’Vr €T, [U-1]|l. =0 Ve € F.}.

Note: Both are decoupled across edges in F.
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Weak formulation c-DDZZ

Contents
> DG formulation
FETI-DP Method

Analysis

Y in Sy, is locally H'-conforming in R(e) for e in F,:

Numerical results

Summary

q = a(x)V x d(z)
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Weak formulation c-DDzz

Contents — . . . .
S v in V), are locally H-curl conforming in S(e) for e in F,:

FETI-DP Method
Analysis
Numerical results

Summary

/ q(Vxﬁ)daz—/ q(ﬁ-t_;)dcﬂ—/ Bu-vdr = f-vda.
S(e) 0S(e) S(e) S(e)

Hybridization: We will approximate ¢ on e in F () 0S(e) by
introducing an additional unknown A.
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Hybridization Cuor:

S [0 For edges e in F, we approximated g with A.

FETI-DP Method

Analysi . . . . - T
Numorical resulte O In addition we enforce continuity of % - t,

Summary

[i-t]=0, VecF

weakly by introducing Lagrange multipliers.
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Resulting algebraic system c-DDZZ

Contents

T _
> DG formulation Ma—lq - B u — O
FETI-DP Method T _
Analysis Bq _|_ Nﬁu _|_ J )\ — O
Numerical results J’LL — O
Summary

0 ¢ and u are decoupled across edges in the initial
triangulation.

0 No penalty terms due to the hybridization and staggered
continuity.

O A is defined on edges in the initial triangulation. It
approximates ¢ and can be interpreted as the Lagrange
multipliers to Ju = 0.

Elimination of ¢ and u gives

J(BM 5 B" + Ng) T\ =d.
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Domain decomposition c.DDZZ

coments We will develop a FETI-DP algorithm for
> FETI-DP Method

Analysis —1 RT —1 7T -
Numerical results J(BMQ B _|_ NB) J >\ - d
Summary

0 Nonoverlapping partition
Q=)

();: a connected union of triangles in the initial
triangulation 7.

0 Assume that a(z) and B(x) are positive constants in
each subdomain (2;.
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Dirichlet and Neumann problems at a triangle c.DDZZ

Contents

DG formulation

> FETI-DP Method
Analysis

Numerical results

Summary .

For a given uy, on O7 find (¢7,u®) such that

a; ' Mg — BT 7 =0
BTqT —i_ 67' Tu — O
uP -t = uy, on OT.

For a given )y, on O7 find (¢V,u?) such that

&T—lMT — BTy =0
BTqT +57‘ TuN JEA(?T = 0.
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Assembly of Neumann problems c.DDZZ

Contents Let

DG formulation

> FETI-DP Method AT — QTBTMT_lBZ ‘|‘57N7--
Analysis

Sjmay' results We introduce the Schur complement of A.:

Do = A: g — AT,BIA;, }[AT,IB
(I : interiorto ™ B : dofs on Or)

For the Neumann problem, we observe that
—1 4T
wy lor = Dyl I} Mo
and thus our algebric system on A can be written into

> JD A =d.
TeT
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Assembling local problem matrices c.DDZZ

Contents We intrOd uce

DG formulation
> FETI-DP Method

nalysis —1 77T T
'Itl‘urr:}érical results N; — Z JT (DaT) J’T ) DZ — Z RT DaTRT' (*)
Summary 7€ 7 T7€Q; 7T

The Schur complements of N, and D;,

N _ —1 D _ 1
SZ' — M,FF_M,FIN' ][-/\[i,lra S@ — Dz’,FF_Di,FIDZ',[]Di,IF-

Z,

(I: interior to €2;, I': dofs on 0¢);)

By the relation in (*),

SN = (SP) L.
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Interface problem c-DDZZ

Contents After eliminating \; interior to each subdomain, we obtain
DG formulation ]
> FETI-DP Method  the interface problem on Ar,
Analysis
Numerical results N
Summary E JF,ZS'L ng)\r — dF
)

0 SV: subdomain problem assembled by Neumann

7

. -1
problem matrix D

0 SP: subdomain problem assembled by Dirichlet problem

7

matrix Dy,

8 =(s9)™

13 / 30



Change of unknowns c- DD2?

Contents . - _ . .
e For I';; = 0€); () 0€2;, we consider a change of basis on ur,,
> FETI-DP Method such that
Analysis a o
Numerical results UF- — T ' AH,Z]
Summary Ly tj uA i !
fr-. u-tds
AN L 1) AN .
Ui = f TR un,;; - average free.
I

A, = (1) A0

tJ
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Change of unknowns c- DD2?

Contents Let

DG formulation ] .

> FETI-DP Method T = dmgz’jTija TZ — dlangij.
Analysis

Numerical results

Summary

By the change of unknowns using (7)7!,
(Note that SV = (SP)™1)

Ty TSN = Je I SN (T T,
Z = > Jra(T SPT) 1,

the identity relation is thus preserved

Z JF?":SY\Z\[‘]ITJ — Z JF,@'(E\?)AJE@

for SV = 7' SN(T) !, SP = T7'SPT;.
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Change of unknowns

Contents

DG formulation

> FETI-DP Method
Analysis

Numerical results

Summary

[]

Interface problem

> JraSNIE A = dr

1 Change of unknowns using (T7)~!

[]

> Je SN A = dr

Inverse property

AN

SN = (SP)~!

for the transformed local problems

SN =17 SN (1),

SP =TSP,
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FETI-DP algorithm Cuom

Contents

. ~ A . .
oot Let Ap = ( )\H ) . We order the interface problem into
Analysis A
Numerical results
Summary

~ ~ F F A
SN T Y oA 1
st~ (e ) (30
and eliminate A to obtain
FDP)\A — dAa

where
Fpp = Fan — FAHFﬁﬁFHA-

Note that Fypp is the coarse component of our algorithm.
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FETI-DP algorithm Cuom

Contents

DG formulation

> FETI-DP Method
Analysis

Numerical results

Summary

We solve
FppAa = da

with a preconditioner M 1.
oN,g AN,
St S

- 2IA
SN g | we have
ATl PAA

For the ordered matrix §ZN —
N
o = Z JH,iSHHZJH,i
;
N T
Fiia =Y JuiSiAJA;  Fan = Fiis

1
/\N’. T
)

The calculation of FppAa can be done by solving local
problems and one coarse problem.
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Preconditioner c. DD22

Contents

DG formulati §D,z S«\D,z’

ormulation . gy .

> FETI-DP Method From the ordered matrix, SZD = /\%HZ /\%AZ , we define
Analysis Ai_[ SA’A

Numerical results

the weight factor Da ;,
(Dohrmann, Widlund (2013) DD20 Proceedings)

Summary

Daylr = (S¥ + S8 Daylr = (8% + S 1Sy,

with Sg) s the block matix of §§i to the unknowns in

The preconditioner consists of solving local problems and
then weighted assembly,

ZJAZD AADAZJAZ
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Estimate of condition numbers C.DDZZ

Contents

DG formulation
FETI-DP Method
> Analysis
Numerical results

Summary

una
W which consists of ur coupled at the primal unknowns ;.
We subassemble local matricesfﬁp’i at the primal unknowns
to obtain a matrix defined on W,

oD _ %En §1§A 7b’_(O 0 )7{7T_<OT).
SAm PAa 0 Daa JA

Using them, we obtain

U . .
For ur = ( H ) , we Introduce a partially coupled space

Fpp = J(SP) 1 JT

and -
Mt =JD"SPDJ".
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Estimate of condition numbers c.DDZZ

Contents . .

somens 0 Using the representation

FETI-DP Method e N Y
EAna.Iysm FDP _ J(SD)_le, M—l _ JDTSDDJT
umerical results

Summary

and following the standard FETI-DP analysis we obtain
the lower bound bounded below by one.

0 For the upper bound, we need to estimate
2
1Pp 5o

where -
Pp,=DJJ'.
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Estimate for || Pp|2, Cnoo;

Contents

DG formulation
FETI-DP Method
> Analysis
Numerical results

Summary

Lemma 1. Using the deluxe scaling, we obtain

(SP Ppw, Pp@) < C> Y (SPwlp, w ).

v FCQ)y

Lemma 2. (Oh, Widlund, Dohrmann (2013)) For w® we
obtain that

2
E) (G 40y,

<S( )wg)Fan)F> <C (1 + log s

where C' is independent of o; and (3.
By the above two lemmas, we obtain that

7\ 2
[Pz < C (1 + log ﬁ) .
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Model problem

Contents

DG formulation
FETI-DP Method
Analysis

> Numerical results

Summary

(): a unit square domain

N;: number of subdomains
Note: uniform subdomain partitions

H/h: numer of triangles across each subdomain

S Vh: (k = 0) piecewise constant,
(kK = 1) piecewise linear

Stop condition: relative residual norm (< 1()_6)
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Model with an exact solution and oo =3 =1

c- DD22

Contents

DG formulation
FETI-DP Method
Analysis

> Numerical results

Summary

V' with k= 0
H/h || Iter | Auin | Amax | ||@ — Unl|o | order
1 6 | 1.00 | 1.22 | 6.4163e-1
2 3 | 1.00 | 1.62 | 3.2335e-1 | 0.99
4 9 | 1.00| 2.18 | 1.6169e-1 | 1.00
3 11 | 1.00 | 2.88 | 8.0745e-2 | 1.00
16 12 | 1.00 | 3.71 | 4.0333e-2 | 1.00
V' with k=1
H/h || Iter | Auin | Amax | ||@ — Unl|o | order
1 3 | 1.00 | 1.81 | 2.1260e-1
2 10 | 1.00 | 2.47 | 5.7665e-2 | 1.883
4 11 | 1.00 | 3.26 | 1.4978e-2 | 1.94
3 13 | 1.00 | 4.17 | 3.8133e-3 | 1.97
16 16 | 1.00 | 5.63 | 9.6176e-4 | 1.99
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Model with an exact solution and @ = 3 =1 c-DDZZ

Contents I » —

DG formulation V W|th k — O

nalye Ng || Iter | Amin | Amax | [|@ — o | order
> Numerical results 42 9 100 218 16169e_1

Summary

82 || 13 | 1.00 | 2.58 | 8.0745e-2 | 1.00
162 || 13 | 1.00 | 2.73 | 4.0333e-2 | 1.00
3221 14 | 1.00 | 2.77 | 2.0154e-2 | 1.00

Vi with k=1

Ng || Iter | Ain | Amax | ||€ — @nl|o | order
4? 11 | 1.00 | 3.26 | 1.49/8e-2
82 17 | 1.00 | 3.89 | 3.8133e-3 | 1.97
162 | 18 | 1.00 | 4.10 | 9.6176e-4 | 1.99
322 1| 19 | 1.00 | 4.18 | 2.4148e-5 | 1.99
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Model with discontinuous o(x)

c- DD22

Contents

DG formulation
FETI-DP Method
Analysis

> Numerical results

Summary

black: (Oéb,ﬂb) — (Oéi, 1)

white: (., By) = (1,1)
Vi with k =1

H/h =2 H/h=4 H/h =28 H/h =16

o7 lter | Cond | Iter | Cond | lIter | Cond | Iter | Cond
1073 || 13 | 216 | 16 | 287 | 18 | 3.75 | 20 | 4.77
1072 || 13 | 246 | 16 | 3.26 | 18 | 420 | 22 | 5.27
10°Y ) 13 | 263 | 15 | 348 | 17 | 446 | 20 | 5.58
1 12 | 266 | 14 | 351 | 16 | 450 | 20 | 5.63
10! 12 | 266 | 14 | 351 | 16 | 451 | 20 | 5.63
102 12 | 266 | 15 | 352 | 16 | 451 | 20 | 5.63
103 12 | 266 | 15 | 352 | 16 | 451 | 21 | 5.63

26 / 30



Model with discontinuous 3(x)

c- DD22

Contents

DG formulation
FETI-DP Method

Analysis

> Numerical results

Summary

black: (Ozb, ﬂb) = (1, ﬁz)
white: (., By) = (1,1)
Vi with k =1

H/h =2 H/h=4 H/h=8 | H/h=16
B; lter | Cond | lter | Cond | Iter | Cond | Iter | Cond
103 5 | 101 5 | 101 ]| 6 | 102 ]| 6 1.02
1072 7 | 107 | 7 | 111 | 8 | 1.16 | 9 1.21
1071 | 10 | 161 | 11 | 1.92 | 13 | 227 | 15 | 2.68
1 12 | 266 | 14 | 351 | 16 | 450 | 20 | 5.63
10! 9 | 157 | 11 | 1.87 | 12 | 222 | 13 | 2.62
102 5 (107 | 6 | 1.10 | 7 | 1.15 | 8 1.20
103 4 1101 | 4 | 102| 5 | 102 | 5 1.03
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Model with discontinuous «(z), 5(x) c-DDZZ

Contents _ 2 h . _

DG formulation D Nd T 4 ! V Wlth k T 1

FETLDP Method O «; = 10", 3; = 10% by choosing r; and s; randomly
nalysis

> Numerical results from (_3, 3)

Summary

H/h =2 H/h=14 H/h =28 H/h =16
lter | Cond | Iter | Cond | Iter | Cond | Iter | Cond
Set1l | 12 | 235 | 14 | 305 | 16 | 3.86 | 23 | 4.79
Set2 || 12 | 210 | 14 | 269 | 16 | 3.38 | 21 | 4.17
Set3 | 13 | 248 | 17 | 330 | 18 | 4.26 | 26 | 5.37
Set4 | 12 | 197 | 14 | 250 | 15 | 3.12 | 19 | 3.83
Set5 | 13 | 256 | 15 | 338 | 17 | 434 | 21 | 5.44

28 / 30



Summary c.DDZZ
comens O A new hybrid staggered DG formulation with the optimal
FETI-DP Method error bound
Analysis
gg‘mm'ay't O A new FETI-DP algorithm for resulting equation on A

defined on the triangle interfaces

0 Local problems are assembled by Dirichlet and Neumann
problems at the triangle level.
Coarse problem by the change of unknowns on A
Preconditioner with the deluxe scaling is robust to
the jump of two parameters.

O The algorithm and analysis can be applied to any

algebraic system arising from hybridizable DG
methods.
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The end

Contents

DG formulation
FETI-DP Method
Analysis
Numerical results

Summary

Thank you!
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