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Isogeometric analysis *

Reference domain: O

&.m

Physical domain: Q
(x.y)

"Hughes, Cottrell, and Bazilevs, CMAME, 2005

IGA applications:

[m]

Shell modeling
Turbulence modeling
Fluid-structure interaction
Phase-field modeling
Structure vibrations
Shape optimization
Biomedical engineering

Electromagnetism
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Basis functions
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Mass matrix

Basis functions:
B = B" ® B¢, listed as a column vector.

M) = / BB Jdn
(]

_ /(Bn % B)(B" @ BT Jda

- / (B7(B")T) & (BE(BS)T) Jds

v

Candidate Preconditioner: Inverse of M

M = / BB dy
(]

o ‘Close'? The skeleton of M7 is kept
e Cheap? M is the Kronecker product of two 1D matrices
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Kronecker product

Definition of Kronecker product

allB s al,,B
A® B = :
amnB - amB

@ Mixed-product:
(A® B)(C® D) =AC ® BD

@ Inverse:

AB) 1=A1leB!
@ Transpose:

Ao B)T =ATo BT

@ Associative:
(AB) @ C=A® (B ()
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Kronecker product structure in M

Tensor product basis functions:

B = B" ® B¢, listed as a column vector.

1) M = /D BB dn

2) Substitution ~ —> = D(B"@85)(8"@98‘5)%

3) Mixed-product —> = /D (B"(B")T) ® (B(BS)T)ds

4) Rectangular  — = (/ B”(B”)Tdn) ® (/ B§(Bf)Td£>
n I 3 I

5) Definition — = M7 ® ME
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Efficient algorithm 2

Linear system:

Mb = F
—
=
=
=
—

M"_
—-—)
=
=
=
IRRRRARAAA!
M°®
2Pereyra and Scherer, 1973, Math. Comp. o < = E = 9ace
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Testing domains

Stretched rectangle
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lteration steps for convergence 3

h-scaling: p=4,c =3

NID 23 24 25 26 27 28 29 210
Stretched 31 32 32 32 33 33 33 33
(Lumped Mass) | 168 418 516 413 320 254 206

151
Perturbed 20 34 39 40 42 44 44 45
(Lumped Mass) | 289 512 463 380 306 245 200 152

k-scaling: Nip =2°, c=p—1

p 1 2 3 4 5 6 7 8
Stretched 33 33 33 33 33 33 33 33
(Lumped Mass) | 25 54 107 206 373 650 682 728
Perturbed 44 45 44 44 44 44 44 44
(Lumped Mass) | 26 55 105 200 346 459 505 599

30 starting points. Stopping criteria: 1072
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lteration steps for convergence (Continued)

p-scaling: Nip =27, c =0

p 1 2 3 4 5 6 7 8
Stretched 33 33 33 33 33 33 33 33
(Lumped mass) | 31 86 200 431 766 798 932 828
Stretched 42 43 44 44 45 45 45 45
(Lumped mass) | 31 86 196 406 748 742 930 1334

v

c 7 6 5 4 3 2 1 0
Stretched 33 33 33 33 33 33 33 33
(Lumped mass) | 4040 7664 2983 3990 4757 3449 6059 828
Stretched 42 44 44 44 44 45 45 45
(Lumped mass) | 4246 7357 2312 4050 4327 3103 4884 1334
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Does it pay off?

Computational cost:

Applying Lumped Mass preconditioner 1N
Applying Direction Splitting preconditioner : 2(2p+1)-N
Multiplication: . (2p+1)2-N

Additional cost (¢ = p—1):

D 1 2 3 4 5 6 7 8
Percentage (%) [ 50 35 26 21 17 15 13 11
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Acceleration technique 1: better preconditioner?
General idea: Local support of the basis functions

/D(B;'Bg)(sfsf)JdD = D(B,-”BL’)(Bfo)Jm,-dm
1
I ~ ([]B?Bzdn) (Ln/B B Jnl,dD>
) Y
M’ M" M;
B’?

Local support of B/’
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Efficient algorithm

M" & 1§

3
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Iteration steps for convergence

NlD 23 24 95 26 Y 28 29 210
Stretched |10 8 6 6 5 4 4 3
(M~1) 31 32 32 32 33 33 33 33
Perturbed | 21 16 12 10 8 7 6 5
(M~1) 29 34 39 40 42 44 44 45

k-scaling: Nip =2°, c=p—1

p 1 2 3 4 5 6 7 8
Stretched | 3 4 4 4 4 4 4 4
(M_l) 33 33 33 33 33 33 33 33
Perturbed | 5 5 6 6 6 7 7 7
(M~Y) | 44 45 44 44 44 44 44 44
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Acceleration technique 2: hybrid
General idea: Local support of the basis functions

N &Y R RS
L EENEE 4 = [ (8185818 1)
1 ~ J; [ (878})(E] )
J U
M- D’ M7 @ ME
BE B BS BS BS B BS - B} BS BS Bf BS B§ B ---
BY BY
BY Bj
Bj B
B} B
BY B
BY By
B B7
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Iteration steps for convergence

NlD 23 24 95 26 o7 28 29 210
Stretched 1 9 7 6 5 4
(Local Support) [ 10 8 6 6 5 4
Perturbed 26 20 15 12 10 8
(Local Support) | 21 16 12 10 8 7

k-scaling: Nip =2%,c=p—1

p 1 2 3 45 6 7 8
Stretched 3 4 4 4 4 4 4 4
(Local Support) | 3 4 4 4 4 4 4 4
Perturbed 5 6 7 7 7 8 8 8
(Local Support) [ 5 5 6 6 6 7 7 7
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Acceleration technique 3: better starting point?

Desired linear system: Approximate linear system:

M’ b’ = F/ Mb = F
Corresponding minimization problems:

N
argmin/(f—Zb,JB;)szD — Mb = F/
{p/} /O i=1

N
arg min/(f — Z biB)*d0 <+— Mb=F
{bi} ] i—1
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Streched rectangle

Starting Residual
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Number of elements in 1D
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Perturbed rectangle

Starting Residual
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Number of elements in 1D
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lteration steps for convergence *

I.SP.vs ZS.P.. p=4,c=3

M—l NlD 23 24 25 26 27 28 29 210
ISP. |28 20 8 4 2 1 0 O
ZSP. |31 32 32 32 33 33 33 33
ISP. |27 31 29 23 19 16 12 8
ZSP. |29 34 39 40 42 44 44 45

Stretched

Perturbed

Local Support | Nip |23 2% 25 26 2f 28 29 IO
ISP.| 8 5 4 2 1 1 0 0

Stretched | 7o 110 8 6 6 5 4 4 4
ISP. |19 15 9 6 4 3 2 1

Perturbed | o o0 1o 16 12 10 8 7 6 5

*1.S.P.: improved starting points; Z.S.P.: zero starting points.
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NURBS?

1 1
BBT —dn) b= / fB-——d
(/u Wy D) ( o Wn D)
Corresponding minimization problem:

N
1
arg min / (FWy — Z b,'-”B,-)z—de.
= i=1 Wi

v

{6}

Joo= g

Jn V2(1+1n)

JSoo= <1+(—2+\f2)£+(2—ﬁ)£2)_1
Wy = 1+4(-2+V2)¢+(2-V2)¢2

[m] [ =
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Where is the domain decomposition? \
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Where is the domain decomposition? \
In the future work. \
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Reasons:
e Global communication:

3
1111101111
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Reasons:

@ Really complicated geometries:

1 - 6: http://www.3dcadbrowser.com/
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Thank you
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